Abstract: Laminar convection of a fluid with a temperature-dependent viscosity in an enclosure filled with a porous medium is studied numerically based on a Lattice Boltzmann method. It is shown that the variation in viscosity has significant influences on both flow and heat transfer behaviours. In comparison with the results for constant viscosity, the fluid with variable viscosity exhibits a higher heat transfer rate. The non-Darcy effects on fluid flow and heat transfer are also studied for both constant and variable viscosity.
INTRODUCTION
Natural convection in a porous enclosure with vertical walls at different temperatures is frequently encountered in many practical applications, such as in the insulation for buildings, industrial cold-storage installations, and heat exchangers. This problem has been studied experimentally, theoretically, and numerically by many authors, and an extensive review has been given by Nield and Bejian [1] .
In many previous studies, the viscosity of the saturating fluids was usually assumed to be a constant. This approximation works well as the fluid viscosity depends weakly on temperature or the temperature difference is small compared with the averaged temperature of the system. However, as the fluid viscosity strongly depends on temperature or temperature difference is very large, the viscosity variation is not negligible and will influence the fluid flow and heat transfer behaviour significantly. This fact has been well understood for several decades, and there has been increasing interests in this subject in recent years [2] [3] [4] [5] [6] [7] [8] [9] [10] . Kassoy and Zebib [2] are perhaps the first who studied the variable viscosity effects on the onset of convection in a porous channel via the linear stability theory. Nield [3] later revisited the problem more precisely. The forced convection of a fluid with variable viscosity in a porous channel was recently studied by Lage and coworkers [4] [5] [6] [7] [8] . Variable viscosity effects on free and mixed convection in a boundary layer have also been studied by many authors [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . To our best knowledge, however, there exist rather limited studies on the variable viscosity effects on natural convection in a porous enclosure [20] [21] [22] , especially for a square cavity with its sidewalls at different temperatures.
Furthermore, in all the studies mentioned above, the mathematical models employed are confined to the Darcy, Brinkman-extended Darcy, or Forchheimer-extended Darcy models. Although these models have been widely used by many authors, it is well understood now that these models are insufficient in modelling flows in porous media. Particularly, these models usually cannot be recovered to the free fluid flow case as the porosity becomes 1.0. One of the recent achievements in modelling flow in porous media is the so-called generalised Navier-Stokes model, in which all fluid forces and solid drag forces are considered in the momentum equation [23] [24] [25] . The momentum equation of this generalised model does reduce to the Navier-Stokes equation for free fluid flows as the porosity goes to 1.0, and the Darcy and the two extended (Brinkman and Forchheimer) models can be regarded as two limiting cases of the generalised model. Furthermore, due to its similarity to the Navier-Stokes equations, the generalised model can be used to transient problems in porous media.
The present paper is aimed at numerically studying the variable viscosity effects on the natural convection in a porous medium cavity with its sidewalls at different temperatures based on the generalised Navier-Stokes equation model. Unlike other previous studies which employed conventional numerical schemes, such as the finite-difference, the finite-volume, the finite-element, or the boundary element methods, the numerical scheme employed here is based on a Lattice Boltzmann method (LBM) for fluid flow and heat transfer in porous media (see Section 3 for details), which can lead to the generalised Navier-Stokes equations for fluids with a variable viscosity flowing through porous media.
MATHEMATICAL FORMULATION
The physical problem considered in the present study is shown in Figure 1 . A square enclosure is filled with an isotropic, homogeneous, and non-deformable porous medium consisting of solid particles. The fluid in the porous medium is assumed to have constant properties except for the density, which is approximated by the Boussinesq assumption, and for the viscosity, which varies with temperature. We further assume that the fluid phase and the solid phase are in local thermal equilibrium, and the heat generation due to viscous dissipation is negligible. Under these assumptions, the governing equations of the natural convection can be written as
Figure 1 Schematic of the natural convection in a square porous cavity
where u, p, and T are volume-averaged velocity, pressure, and temperature, respectively, ν e is the effective viscosity, σ = ε + (1 -ε) ρ s c ps / ρ f c pf represents the ratio between the heat capacities of the solid and fluid phases, with ε being the porosity of the porous medium, ρ s (ρ f ) and c ps (c pf ) being the density and capacity of the solid (fluid) phase, respectively, and α e the effective thermal diffusivity. The last term F in the momentum equation represents the total force due to the porous medium and other external forces:
where ν is the shear viscosity of the fluid, which is related, but not necessarily equal, to ν e . G is the effective gravity force given by
where g is the gravitational acceleration, β is the thermal expansion coefficient, and T 0 is the average temperature of the system. The geometric function F ε and the permeability depend on the porosity ε, and can be evaluated based on Ergun's empirical formula:
where d p is the diameter of the solid particles.
It is obvious that as ε → 1, namely, in the absence of the porous media, the governing equation (1) 
where L is the cavity height, ∆T = T h -T c is the temperature difference between the hot and cold side walls. By comparing the coefficients of the linear and non-linear terms in the dimensionless form of equation (1b), we can estimate the ratio between the non-linear and linear drag forces due to the porous medium appearing in equation (2) as
which means that for a given Prandtl number, the non-linear drag force becomes negligibly small only for a small Da, or in the Darcy regime. Otherwise, this term must be considered.
LATTICE BOLTZMANN METHOD FOR NATURAL CONVECTION IN POROUS MEDIA
The Lattice Boltzmann method (LBM) is a recently developed method for simulating fluid flows and modelling physics in fluids [26, 27] . Unlike convectional numerical methods which are based on discretisations of macroscopic governing equations, LBM is an approach based on the mesoscopic kinetic equation (Boltzmann equation) for fluids. The kinetic feature of LBM enables it to exhibit some distinctive features, such as the natural parallelism, the easy-to-handle interactions among fluids or those between fluids and walls, which distinguish it from the conventional numerical methods. LBM has been used to simulate flows through porous media soon after its emergence [28] . Generally speaking, there exist two approaches to apply LBM to flows through porous media, i.e. the pore-scale approach and the representative-element-volume-scale (REV) one. In the first approach, the standard Lattice Boltzmann equation (LBE) is directly applied to the free fluid in the pores, and the interaction between fluid and the solid matrix is handled by the bounce-back rule. In this approach, each pore must be covered by several lattice grids so that the fluid can be modelled accurately, and therefore the size of computational domain should not be large.
Another disadvantage of the pore-scale approach is that the volume-averaged velocity cannot be high because the velocity of the free fluid in pores must be small enough due to the low Mach number requirement of LBE. That is to say, the pore-scale approach can only be used for Darcy flows. Therefore, this approach is not applicable to practical problems due to the two limitations. Both limitations of the first approach are overcome by the REV-scale approach, in which the effects of the porous medium are directly incorporated into the LBE based on some semi-empirical models. Several such LBE models have been proposed by different groups [29] [30] [31] [32] [33] [34] [35] , and the latest appears to be attributed to Guo and Zhao [35] , who first considered all the forces exerted on the fluid in a porous medium in their model (hereafter referred to as the GZ model). The generalised Navier-Stokes equations for flows in porous media can be derived from the GZ model through a multiscaling expansion technique.
The GZ model was first proposed to simulated isothermal flows in porous media, here we extend it to convection flows with a temperature-dependent viscosity. The idea is to model the velocity field by the GZ LBE, and the temperature equation by another LBE. The two LBEs are then coupled through the velocity field and the buoyancy force explicitly, and the viscosity implicitly.
The LBE for the velocity field describes the evolution of the single particle density distribution (DF) f i [35] :
where f i (x,t) represents the probability of finding a particle with velocity e i at position x and time t. δ is the time increment, τ is the dimensionless relaxation time. f i (eq) is the equilibrium distribution function (EDF) corresponding to f i , which is given by 2 (eq) 2 4 e u uu :(e e I) 1 2
where ω i is the weight coefficient and c s is the sound speed. The forcing term F i appearing in LBE equation (7) accounts for the influence of the total force due to the presence of the porous medium and buoyancy effect, which is given by 
The volume-averaged density and velocity are defined by the moments of the DFs, 
Through the Chapman-Enskog multiscaling expansion technique, we can derive the following macroscopic equations for mass and momentum conservations:
which reduce to the first two equations of equation (1) 
where T i is the temperature distribution function, τ ′ is the relaxation time, T i (eq) is the EDF of T i and is defined by
It can be shown that the above LBE can lead to the energy equation (1c) with second order accuracy in both space and time through the Chapman-Enskog procedure, where the effective thermal conductivity is given by
Therefore, LBEs equations (7) and (12) as a whole can serve as a solver for the natural convection system governed by equation (1) . The LBE for temperature field is coupled with the LBE for velocity field through the forcing term F i and the temperature-dependent relaxation time τ, and the fluid field influences the temperature field through the temperature EDF defined by equation (13).
NUMERICAL RESULTS AND DISCUSSION

Method validation
In order to validate the reliability of the present LBM, we first apply it to the natural convection of a fluid with a constant viscosity in a porous cavity. In simulations, we set ε = 0.4, Pr e = 1, and the Rayleigh number Ra changes from 10 3 to 10 7 while the Darcy number Da varies from 10 -2 to 10 -4 . In all cases, the viscosity ratio J and the capacity ratio σ are both set to be 1. The calculations for the case of Da = 10 -2 and 10 -4 are based on a 64 × 64 lattice with τ = τ′ = 0.833 and a 128 × 128 lattice with τ = τ′ = 0.513, respectively. Figure 2 presents the streamlines and isotherms for Da = 10 -4 as the flow reaches its steady state. It is observed that the flow and temperature patterns are in good agreement with those of previous studies [36, 37] . To quantify the results, we list the averaged Nusselt numbers predicted by the LBM together with some published data in Table 1 . It is seen that the LBM results agree well with those of previous studies. 
Natural convection of PAO
Now, we apply the proposed LBM to natural convection of a fluid with a temperature-dependent viscosity in order to study the variable viscosity effects on the flow and heat transfer characteristics. The fluid used in the present study is the PolyAlphaOlefin (PAO), which is a common synthetic oil used for cooling military avionics. The dynamic viscosity of PAO strongly depends on temperature, and can be modelled as [38] 1.0868
Within the same temperature range, the variations in other properties (density, specific heat, and thermal conductivity) of PAO are negligible. Of course, the fundamental results of the present study are not restricted to PAO fluid. They are also instructive for understanding the flow and convection behaviours of other fluids with similar temperature-dependent viscosity, such as water, mineral oils, etc. In our numerical simulations, the average temperature T 0 = (T h + T c )/2 is chosen to be 21°C. At this temperature, the density, viscosity, capacity, and conductivity of PAO are ρ 0 = 768.5kg/m Initially, the fluid in the cavity is stationary and the temperature of the entire field is set to be T 0 . The relaxation time τ = τ 0 is determined by
since we have assumed that the viscosity ratio J = 1.0. As time advances, τ changes locally according to the local temperature,
Since the effective diffusivity has been already assumed to be a constant, we use a fixed value for τ′ during the entire evolution determined by
The variable viscosity effects on the flow and heat transfer behaviours are first studied. The streamlines and isothermals are shown in Figures 3 and 4 , where the solid curves represent the variable viscosity case, whereas the dashed curves represent constant viscosity case. It is observed from Figure 3 that the overall flow patterns for a variable viscosity are similar to those for a constant viscosity. There exists a core near the centre of the cavity for all cases considered. It is seen that as Da decreases for the same Darcy-Rayleigh number Ra* = DaRa, the core becomes elliptic and its size increases, and the boundary layer near the two sidewalls becomes thinner; similar behaviour is also observed as Ra becomes larger for a fixed Darcy number. The variable viscosity effects on the flow patterns are also clearly seen in Figure 3 : the flow patterns for a constant viscosity are more or less symmetric with the cavity centre, but this symmetry is broken for variable viscosity cases due to the asymmetric viscosity caused by the change in temperature. It is interesting to note that for the variable viscosity case the flow core shifts towards the hot wall, as compared with the case for the constant viscosity, because the local viscosity near the hot wall is smaller than that near the cool wall. The variable viscosity effect on flow characteristics can be seen more clearly from the velocity profiles shown in Figure 5 . We observed that the amplitudes of the vertical velocity through the cavity centre for a variable viscosity are much larger than those for the constant viscosity cases. The ratio between the peak velocities appears to increase with Da for the same Ra*. The results also show the importance of non-Darcy effects on the flow regime. The maximum velocity reduces with an increase in Da, and the velocity peaks move away from the sidewalls, and the trend becomes more significant for the case of the variable viscosity than for the case of the constant viscosity. The variable viscosity also has a significant influence on the heat transfer behaviour. As shown in Figure 4 , the onset of convection heat transfer requires a smaller Ra* for the variable viscosity case than that for the constant viscosity case, and the convection heat transfer is stronger in the former case than in the latter case for the same Da and Ra. In fact, as Ra* = 10, the predominated heat transfer mechanism is conduction for a constant viscosity even as Ra = 10 5 , and the isothermals are almost vertical. But the convection heat transfer is quite obvious in variable viscosity case for this Ra*. As Ra* increases to 100, the convection is more obvious for both constant and variable viscosity cases, and becomes predominated for heat transfer as Ra* = 10 3 . However, it is observed that for a variable viscosity, the isothermals become flatter in the centre region and more vertical in the boundary layers near the sidewalls, than those for the constant viscosity case. The variable effects on the heat transfer behaviour can also be observed from the temperature profiles shown in Figure 6 .
For Ra* = 10, the convection is rather weak for both cases, but the enhancement is still significant for the variable viscosity case. The trend is more obvious as Ra* reaches to 100. The temperature profiles become almost flat in the core region for Ra* = 1000 for both cases, but those with a variable viscosity tend to the mean temperature more quickly than those with a constant viscosity, thereby resulting in two thinner boundary layers near the hot and cool walls, respectively. The non-Darcy effects on heat transfer are also observed. It is seen that the temperate gradients near the sidewalls significantly increase as Da decreases. Similar to its influences on the flow behaviours, the non-Darcy effects are more significant for the variable viscosity case than for the constant viscosity case. The influence of the temperature difference ∆T on flow and heat transfer is also studied. It is observed that there is not much difference between the flow and temperature patterns for both variable and constant viscosity case for given values of Ra and Da (not shown here). The velocity and temperature show not much difference between the two cases, too. However, it is found that ∆T has some influences on the average Nusselt numbers.
The average Nusselt number, Nu, for different Darcy and Rayleigh numbers is listed in Table 2 . One can see that the values of Nu for the variable viscosity case are over 10% larger than those for the constant viscosity case. In particular, for the case of Da = 10 -4 and Ra = 10
5
, an increase of about 75% in Nu is observed for the variable viscosity cases. It is also noted that the average Nusselt numbers for the variable viscosity case are not identical and the difference increases as Ra* increases, which is in agreement with the asymmetry feature of the flow discussed earlier. Meanwhile, it is also found that the values of Nu at ∆T = 30°C are smaller than the counterparts at ∆T = 10°C, but the difference between the values of Nu evaluated at the hot and cool walls are larger than those at ∆T = 10°C. 
CONCLUDING REMARKS
In this paper, we have proposed a Lattice Boltzmann method for natural convection in porous media of a fluid with temperature-dependent viscosity. In this method, the pressure and velocity fields are modelled by an LBE for isothermal fluid flows in porous media, while the temperature is modelled by another LBE. The two LBEs are coupled together through the buoyancy force, the temperature-dependent viscosity, and the velocity field. The LBM is shown to be able to predict correctly the flow behaviours in the limit of constant viscosity.
Using the present LBM, we have studied the variable viscosity effects on the natural convection characteristics in a porous cavity with differently heated sidewalls. The numerical results indicate that the variation in viscosity has a strong influence on both the fluid flow and heat transfer characteristics of the natural convection, especially for large Darcy-Rayleigh numbers. It is found that the flow patterns are asymmetric for the variable viscosity case, and heat transfer is significantly enhanced in comparison with the results for the constant viscosity case. The numerical results also show the importance of the non-Darcy effects on both fluid flow and heat transfer behaviour. The maximum velocity appears to decrease with an increase in Da, and the overall heat transfer rate increases with Da.
